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Optics of metamaterials is shown to provide interesting table top models of many non-trivial 
space-time metrics. The range of possibilities is broader than the one allowed in classical general 
relativity. For example, extraordinary waves in indefinite metamaterials experience an effective 
metric, which is formally equivalent to the "two times physics "model in 2-1-2 dimensions. An 
optical analogue of a "big bang" event is presented during which a (2-1-1) Minkowski space-time 
is created together with large number of particles populating this space-time. Such metamaterial 
models enable experimental exploration of the metric phase transitions to and from the Minkowski 
space-time as a function of temperature and/or light frequency. 



Unprecedented degree of control of the local dielectric 
permittivity eik and magnetic permeability iiik tensors 
in novel electromagnetic metamaterials has fueled recent 
explosion in novel device ideas, and resulted in discovery 
of new physical phenomena. Advances in experimental 
design and theoretical understanding of electromagnetic 
metamaterials greatly benefited from the field theoretical 
ideas developed to describe physics in curvilinear space- 
times. Electromagnetic cloakingii^i^ and electromagnetic 
wormholes^^ may be cited as good examples. On the other 
hand, it should be noted that compared to standard gen- 
eral relativity, metamaterial optics gives an experimen- 
talist much more freedom to design an effective space- 
time with very unusual properties. The flat Minkowski 
space-time with the usual (-,-|-,-|-,-|-) signature does not 
need to be a starting point. Other effective signatures, 
such as the "two times physics "— (-, -,-!-,-!-) signature may 
be realized in the experiment, and the spatio-temporal 
symmetries and physical properties of such an unusual 
highly symmetric metamaterial space can be explored. 
To illustrate this point, let us consider a non-magnetic 
{fi = 1) uniaxial anisotropic metamaterial with dielec- 
tric permittivities = Ej, = ei and =62- The wave 
equation for the extraordinary wave (see for example^) is 



1 ^d^E 



d^E. 



(1) 



where E is the electric field amplitude of the extraordi- 
nary wave. In ordinary crystalline anisotropic materials 
both ei and €2 are positive. On the other hand, in the 
so-called indefinite metamaterials considered for example 
inli^ one could have ei < while £2 > 0, or the other way 
around. In the visible frequency range these metamateri- 
als are typically composed of multilayer metal-dielectric 
or metal wire array structures^. Optical properties of 
such metamaterials are quite unusual. For example, it 
was demonstrated theoretically that there is no 

usual diffraction limit in an indefinite metamaterial. This 
prediction has been confirmed experimentally i n^^'^^ . 

Let us consider the case of ei < and £2 > 0. Let 
us assume that this behavior holds in a wide enough fre- 



quency range, and that the metamaterial dispersion may 
be neglected in the same frequency range. As a result, 
we observe that the effective space-time signature as seen 
by extraordinary fight propagating inside the metamate- 
rial has different character at different space-time scales. 
At high frequencies (above the plasma frequency of the 
metal) which corresponds to the small space-time scale, 
the metamaterial exhibits "normal "Minkowski effective 
metric with (-,-!-,-!-, -I- ) signature. On the other hand, 
at low frequencies (at large space-time scale) the metric 
signature changes to (-,-,-!-,-!-), and has the "two times 
physics "character. After simple coordinate transforma- 
tion eq.(l) can be re- written as 
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which explicitly demonstrates highly symmetric nature 
of the system: the wave equation exhibits rotational sym- 
metry both in the {xi,X2) and in the {xoyX^) planes. In 
addition, since the (xi,X2) and (0:0:2^3) pairs are inter- 
changeable, for the extraordinary light in the low fre- 
quency and the small boost limit there is no formal dif- 
ference between the original xq time coordinate and any 
of the spatial directions. 

Alternatively, in the case of ei > and £2 < 0, eq.(l) 
can be re-written as 
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As a result, both at the small and the large space-time 
scales the effective metric looks like the Minkowski space- 
time. However, at large scale the 2:3 coordinate assumes 
the role of a time-like variable. Note that causality and 
the form of eqs.(2) and (3) place stringent limits on the 
material losses and dispersion of hyperbolic metamateri- 
als: a dispersionless and lossless hyperbolic metamaterial 
would violate causality. On the other hand, such meta- 
materials enable experimental exploration of the "metric 
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phase transitions "to and from the Minkowski space-time 
as a function of the Ught frequency (the space-time scale) . 

The described behavior is not hmited to the artifi- 
cial metal-dielectric metamaterials only. Many dielectric 
crystals, such as a-quartz, have lattice vibration modes 
which carry an electric dipole moment. The dipolc mo- 
ment couples the lattice vibrations to the radiation field 
in the crystal to form the so-called phonon-polariton 
modes As a result, multiple so-called reststrahlen 
bands are formed near the frequencies of the dipole-active 
lattice vibration modes cOn (where n is the mode number) 
in which both ei and £2 become metal-like and negative. 
These bands are typically located in the mid-IR region 
of the electromagnetic spectrum. However, due to crys- 
tal anisotropy, ei and £2 change sign at slightly differ- 
ent frequencies^- . Thus, in the narrow frequency ranges 
near the boundaries of the reststrahlen bands ei and £2 
have different signs. In these narrow frequency ranges 
natural crystals behave as indefinite metamaterials, and 
the extraordinary light dispersion law looks either like 
kl-\-kl-kl = ujI or - kl - = u^. The latter 
case corresponds formally to the free particle spectra in 
a (2-1-1) dimensional Minkowski space-time, in which the 
mass spectrum is given by the spectrum ujn of the lat- 
tice vibrations. It may be considered as an experimental 
model of a "two times physics" systems' in which one time- 
like coordinate is compactified (however, due to causality 
issues this analogy remains formal). In principle, the lat- 
tice symmetry group and the lattice eigenmodes may be 
adjusted to reproduce any desired mass spectrum. 

It is interesting to note that the liquid-solid phase 
transition in such a crystal provides us with an exam- 
ple of a phase transition in which a formal (2-1-1) di- 
mensional Minkowski space-time emerges together with 
a discrete free particle spectrum. The characteristic fea- 
ture of this phase transition appears to be a kind of toy 
"big bang" due to the sudden emergence of the infinities 
of the photonic density of states near the tj„ frequencies. 
Unlike the usual black body photonic density of states 



defined by the "normal" k1.-\-ky + k1 = uP' photon dis- 
persion law, the density of states of the extraordinary 
photons near the w„ frequencies diverges in the lossless 
continuous medium limit: 



where Kmax is the momentum cutoff. This momentum 
cutoff must be introduced because in the lossless contin- 
uous medium approximation the absolute value of the k- 
vector projection on any axis can be arbitrary large. This 
is the physical reason for the absence of the diffraction 
limit in an indefinite metamateriat^ i^°'^^i^^ . As a result 
of the suddenly emerging divergencies in the photonic 
density of states near the tj„ frequencies, these states 
are quickly populated during the liquid-solid phase tran- 
sition. This event can be considered as a simultaneous 
emergence of the (2-f 1) dimensional Minkowski space- 
time and a very large number of particles (extraordinary 
photons), which quickly populate the divergent density of 
states, and hence the emergent (2-1-1) Minkowski space- 
time itself. This consideration provides us with another 
example of an interesting analogy between the metama- 
terial optics and the gravitation theory. This analogy 
may prove to be as useful as the well-known analogy be- 
tween the physics of the superfluid states in He'^ and the 
gravitation theoryi^. 

In addition to two possibilities mentioned above, we 
should emphasize that the ease of control of the dielectric 
permittivity tik and magnetic permeability /i^fc tensors in 
metamaterial optics lets an experimentalist create optical 
models of virtually any metric allowed in general relativ- 
ity. Recent paper by Genov et al}^ provides additional 
examples. 



1 J. B. Pendry, D. Schurig, and D.R. Smith, Science 312, 
1780 (2006).' 

^ U. Leonhardt, Science 312, 1777 (2006). 

^ I.I. Smolyaninov, V.N. Smolyaninova, A.V. Kildishev, and 
V.M. Shalaev, Phys. Rev. Letters 103, 213901 (2009). 

* A. Greenleaf, Y. Kurylev, M. Lassas, and G. Uhlmann, 
Phys. Rev. Lett. 99, 183901 (2007). 

^ I. Bars and Y.C. Kuo, Phys. Rev. Lett. 99, 041801 (2007); 
I. Bars and S.-H. Chen, Phys. Rev. D 79, 085021 (2009). 

® L.D. Landau, E.M. Lifshitz, Electrodynamics of Continu- 
ous Media (Elsevier, Oxford 2004) 

'' D.R. Smith and D. Schurig, Phys.Rev.Lett 90, 077405 
(2003). 



* R. Wangberg, J. Elser, E.E. Narimanov, and V.A. Podol- 
skiy, J.Opt.Soc.Am. B 23, 498 (2006). 

^ Z. Jakob, L.V. Alekseyev, and E. Narimanov, Optics Ex- 
press 14, 8247 (2006). 

° A. Salandrino and N. Engheta Phys.Rev.B 74, 075103 
(2006). 

^ I.I. Smolyaninov, Y.J. Hung, and C.C. Davis, Science 315, 
1699 (2007). 

^ Z. Liu, H. Lee, Y. Xiong, C. Sun, and X. Zhang, Science 

315, 1686 (2007). 
^ A.S. Barker and R. Loudon, Rev.Mod.Phys. 44, 18 (1972). 

H.J. Falge and A. Otto, Phys.Stat.Sol.B 56, 523 (1973). 
^ G.E. Volovik, The Universe in a Heliun Droplet (Oxford 



University Press, 2003) 10.1038/NPHYS1338 
D.A. Genov, S. Zhang, and X. Zhang, Nature Physics, DOI 



